The structure of spinful quantum Hall states: a squeezing perspective 
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We provide a set of rules to define several spinful quantum Hall model states. The method 
extends the one that is known for spin-polarized states. It is achieved by specifying an undressed 
root partition, a squeezing procedure, and rules to dress the configurations with spin. It applies to 
both the excitationless and the quasihole states. In particular, we show that the naive generalization 
where one preserves the spin information during the squeezing sequence, may fail. We give numerous 
examples such as the Halperin states, the non-abelian spin singlet states, or the spin-charge separated 
states. The squeezing procedure for the series (k = 2, r) of spinless quantum Hall states, which vanish 
as r powers when k + 1 particles coincide, is generalized to the spinful case. As an application of 
our method, we show that the counting observed in the particle entanglement spectrum of several 
spinful states matches the one obtained through the root partitions and our rules. This counting 
also matches the counting of quasihole states of the corresponding model Hamiltonians, when the 
latter are available. 

PACS numbers: 05.30.Pr. 73.43.-f 



I. INTRODUCTION 

The theoretical study of the fractional quantum Hall 
(FQH) effect has relied on model wave functions since 
its discoverjffl. They provide an easy way to understand 
the physical properties of an inherently hard quantum 
n-body problem. In addition, having knowledge of the 
wave functions representing different topological phases 
provides insight to the question as to which topological 
phases can exist. Trying to fully classify all topological 
phases is a tremendous task, but progress has been made 
in the context of topological insulators and superconduc- 
tors (see, for instance. I2l3p . 

In the context of the quantum Hall wave functions, 
progress also has been made in several ways. A popular 
and successful approach has been to study model Hamil- 
tonians, in combination with conformal-field-theory tech- 
niques. In this approach, one studies the zero-energy 
ground states of model electron-electron interactions, 
which gives rise to certain vanishing properties of the 
model quantum Hall wave functions. The simplest ex- 
ample of this is the Laughlin wave function (say, at fill- 
ing v = 1/3), which is the unique, densest zero-energy 
ground state of the model interaction given by the Hal- 
dane pseudopotentiaP. Excitations of quantum Hall 
states can be created by changing the flux. Upon in- 
creasing the flux, one creates quasihole states, which still 
are zero-energy ground states of the model Hamiltonian. 
These quasiholes can have fractional charge^, fractional 
statistics^, and even non-abelian statistics, which was pi- 
oneered in [61 For recent developments with regard to the 
non-abelian Berry phase, we refer to 7 8, 

The model Hamiltonians, for which the quasihole 
states are the exact ground states, only constrain the 
behaviour of the underlying electrons. Thus, it should 
be possible to infer the properties of the anyons from the 
properties of the electrons in the quantum liquid alone. 



This implies that, for model quantum Hall states, there 
should be a 'duality' between the electrons and excita- 
tions. Such a 'duality' has been observed a long time ago 
already. In the context of the low-energy Chern-Simons 
description of the abelian Laughlin states, we refer to [9] 
(see also dPl for a detailed account on the edge state ver- 
sion of this duality) . Subsequently, this notion has been 
extended to non-abelian quantum Hall states (see for in- 
stance 11). More recently, a seemingly related duality 
was observed between the conformal field theory correla- 
tors describing the electron and quasihole statea^^. 

The notion of this duality is important, because it im- 
plies that it should be possible to deduce the properties 
of the excitations from the ground-state wave functions, 
and therefore restricts the number of wave functions that 
can describe topological phases. In addition, it puts con- 
straints on the underlying (conformal) field theory de- 
scription of topological phases in the quantum Hall ef- 
fect setting. Apart from this duality, there is another, 
more practical, constraint that one can impose, namely, 
requiring that the wave functions one considers are eigen- 
states of a local model Hamiltonian. This constraint al- 
lows one to effectively study the topological properties 
of the state, and provides a way of uniquely defining (or 
specifying) the state, by a small set of rules. We note 
that, for instance, the successful Jain stated do not sat- 
isfy this constraint, so this is not a physical, but rather 
a practical requirement, to obtain a more tractable, but 
still very rich and interesting problem. We also stress 
that even if the state satisfies the duality and is a ground 
state of a local Hamiltonian, this does not imply that the 
wave function represents a genuine topological phase of 
matter^. 

Recent developments in generating candidate quantum 
Hall wave functions gave rise to a framework based on 
root partitions, squeezing, and highest weight conditions 
that provides an elegant manner to address several can- 



didates wav e func tions. This includes the ground state, 
its quasiholeSES and some aspects of quasielectron ex- 
citations as well as excitonsiS (see also [T71 - BD1 for more 
details on quasielectrons and excitions). 

For the time being, the effort has mostly concentrated 
on the spin polarized systems. However, spinful FQH 
states are relevant in many realistic cases. The addi- 
tional spin degree of freedom can be the true spin of the 
electrons, a layer index in bilayer systems, pseudospin to 
handle valley degeneracy, or spin-1/2 rotating ultracold 
fcrmions. With the success of root partitions for spinless 
(or spin-polarized) systems, it is worth analyzing how 
this concept can be translated to the spinful case. 

The main goal of this paper is to give a set of rules, 
which can be used to define model quantum Hall states, 
with spin (or another internal degree of freedom), by 
specifying a so-called 'root partition', and a squeez- 
ing procedure, which is used to define a Hilbert space. 
The model states are then obtained by imposing highest 
weight conditions on this Hilbert space, for both the or- 
bital and spin part. The model states we are considering 
in this paper, can be uniquely defined in this way, in the 
case when no excitations are present. For such a proce- 
dure to be meaningful, this procedure should also work 
when (quasihole) excitations are present, i.e. in the case 
when the number of flux quanta is increased, in compar- 
ison to the state without excitations. 

It is not a priori clear how to generalize the squeez- 
ing procedure from polarized states to model states with 
spin (or other 'internal' degrees of freedom). There are, 
in principle, several routes that one might take, but we 
found that only one of them correctly generates all the 
ground states of the model Hamiltonians, including the 
quasiholes states. Prior worlP^El i^as mostly focused 
on the Halperin^^ or Haldane-RezayP^ states. We show 
that this concept can be extended to other known states 
such as the non-abelian spin singlet or spin-charge sepa- 
ration states, but can also provide a way to obtain new 
interesting states. 

The outline of the paper is as follows. In section [Hj 
we review the squeezing procedure for the case of spin 



polarized quantum Hall states. In section III, we explain 
how the root partitions and squeezing technique can be 
extended to the spinful wave functions. We give several 



examples in section IV Interesting series of root parti- 
tions is described in section |V] It generalizes the spinless 
series (fc = 2, r), which include the Moore-Read, Gaffnian 
and Haffnian states. As an application of our results, we 



then show in section VI that the counting we have ob- 
tained for the quasihole excitations matches the counting 
deduced from the particle entanglement spectrum. 

In appendix |Aj we collect the requirements for a state 
to be a spin singlet state, and give the spin-raising and 
-lowering operators explicitly. Appendix [B] briefly de- 
scribes how the various highest weight conditions can be 
implemented on the (reduced) Hilbert spaces. Finally, in 
appendix O we collect the formulas from the literature 
giving the number of quasihole states for a set of model 



Hamiltonians that we consider in this paper. 



II. OVERVIEW OF SQUEEZING FOR 
POLARIZED QUANTUM HALL STATES 

Because of the importance of the quasihole states in the 
spinful case, it seems prudent to review the spin-polarized 
case, and pay special attention to the model state in the 
presence of quasihole excitations. Moreover, many of the 
spin-polarized states can be viewed as particular spinful 
states with quasihole excitations. 

We focus our attention to those states that have a 
ground state than can be uniquely defined by a squeez- 
ing procedure, including the Laughlirfi', Moore-ReadSl 
and Rea d-Rez ayi^ states, as well as for instance the 
' Gaffnian 'SSMl and ' Haffnian I^Sl wave functions. 

Quantum Hall states in the lowest Landau level are, 
apart from a geometry-dependent 'confining factor', 
given by (anti-) symmetric polynomials in terms of the 
coordinates of the (fermionic) bosonic constituent parti- 
cles. For simplicity, we will be mainly considering bosonic 
states in this paper; fermionic versions can trivially be 
obtained by multiplying with an additional global Jas- 
trow factor. An exception to this rule will be fermionic 
states which do not contain a Jastrow factor of all par- 
ticles, and these states can thus not be made bosonic by 
removing an overall Jastrow factor. 

Let us now start by reviewing the squeezing proce- 
dure for polarized bosonic quantum Hall states. Being 
symmetric polynomials, these states can be expanded in 
so-called 'symmetrized monomials'. Symmetrized mono- 
mials are labeled by 'partitions', or, equivalently, and 
perhaps more appropriate in the context of quantum Hall 
states, 'orbital occupation numbers'. 

To be explicit, let us consider the orbital occupation 
(no, ni, . . . , njv, ), such that the l*"^ orbital is occupied 
with ni particles. The total number of flux quanta is 
denoted by N^ (we only consider the spherical geome- 
try in this paper) , while the total number of particles is 
given by A^ = ^iJ^ni. The total degree of the sym- 
metrized monomial corresponding to these orbital occu- 
pation numbers is d = '^iJq Ini. The partition /i parti- 
tions the total degree d and has n/ rows of length I. As an 
example, we take the orbital occupation (2.0,2), which 
corresponds to a symmetrized monomial of total degree 
four. The corresponding partition is ii — (2,2,0,0), 
where we included the zeros, which indicate that the 
zero'th orbital is doubly occupied. In addition, including 
the zeros ensures that the length of the vector describing 
the partition equals the number of particles. The 'ele- 
ments' of the partition fj. will denoted by /i^. Now, the 
symmetrized monomials m^ corresponding to /z is given 
by 



5[zr- 



'N 



(1) 



where Zi is the complex coordinate of the i"^ particle and 
S denotes the symmetrization, which is normalized such 



that each term in the symmetrization has coefRcient one. 
In particular, in the case of the partitions fj, = (2, 2, 0, 0), 
^ = (2, 1, 1,0) and fi = (1, 1, 1, 1), corresponding to the 
orbital occupations (2,0,2), (1,2,1) and (0,4,0) respec- 
tively, one obtains 

_22| 22, 22, 22, 22, 22 
"^-(2,2,0,0) — ^l2^2 + ^1^3 + ^1^4 + ^2^3 + ^2^4 + ^3^4, 

»7^(2,ia,0) = ^1^223 + Z1Z2Z3 + ZiZ2zl + ^1^22:4 

+ Z1Z2Z4 + ZxZ2z\ + z{zi,Z^ + 21^32:4 

+ Z1Z3Z4 + z\z-iZA + Z2Z324 + 2:2-2:3-24 

»7^(1, 1,1,1) = 21Z22324 

As stated above, any symmetric polynomial in a cer- 
tain number of variables can be expressed in terms of 
symmetrized monomials, 



*sym({2j) 






i,■m^^{{zi}) 



(2) 



For comparison, anti-symmetric wave functions describ- 
ing fermions can be expanded in anti-symmetric mono- 
mials (i.e., Slater determinants), which are written as 
si,, = Det(zf). 

Inspired by quantum Hall states on a spherical 
geometry^, we assign an orbital angular momentum 
Iz to each orbital. We choose the convention that 
the Iz quantum numbers of the orbitals are given by 
(-Af0/2, -7V0/2 + I, . . . , Ar^/2- 1, Af^/2), i.e., the orbital 
corresponding to z^^ has the lowest angular momentum 
—N^/2. With this convention, we have that the angular 
momentum operators are given by 



N 



N 



1=1 i=l 

AT 

L+-^7V^z,-zf9,.. (3) 



With these preliminaries in place, we can now explain 
how various model states can be completely specified 
by a few simple rules. First, for all states, there is a 
unique 'highest' symmetrized monomial. The concept of 
'highest' can be defined in a few different, but equiv- 
alent ways. In terms of the orbital occupation num- 
bers, all the orbital occupation numbers of the symmet- 
ric monomials present in the expansion of the states can 
be obtained from the highest one, by 'squeezing' parti- 
cles inwards (such that all the symmetrized monomials 
have the same angular momentum) . In terms of the or- 
bital occupation numbers, the squeezing process takes 
the following form. Taking two particles (assumed to 
be bosons for now) in orbitals i and j, with i < j — 1, 
we move these particles to orbitals i + 1 and j — I re- 
spectively. Explicitly, if one starts with the orbital oc- 
cupation (no,ni, . . . ,ni,n^+i, . . . ,nj_i,7ij, . . . ,nN^), one 
ends up with (no,ni, . . . ,71^ — 1, n^+i-l-l, . . . , nj^i+l^rij — 
1, . . . , nMa,), after squeezing particles in orbitals i and j. 



In the case of spinless fermions, one need that z < j — 2, as 
well as n^+i = rij-i = 0, because of the Pauli prin ciple. 

It was realized by Haldane and BernevigHEII^ that 
many model quantum Hall states can be written as a 
single Jack polynomial (with negative parameter). Such 
Jack polynomials had been studied in the literature^Sl, 
and indeed have a highest root configuration. 

Alternatively, this highest orbital occupation (at least 
for states in the absence of quasihole excitations) also 
corresponds to that part of the wave function that sur- 
vives if one puts the wave function on the cylinder, and 
takes the thin-cylinder (or Tao-Thoules) limiP^EI, i^ 

this limit, only those states that maximize X]i=o '^?' ^^''" 
vive. 

Finally, in mathematical terms, one says that the high- 
est partition 'dominates' all the partitions corresponding 
to symmetrized monomials present in the wave function. 
A partition /i dominates a partition A if A can be ob- 
tained from /i by successive squeezing operations on /i. If 
there exists a highest dominating partition (which is not 
completely un-squeezed), one can reduce the sum over 
partitions /i in the expansion in terms of symmetrized 
monomials over those partitions ^ which are dominated 
by the root partition A, which is denoted as /i < A, 



*({2j) = 



il<\ 



.({2j) 



(4) 



The existence of a dominating partition, which is 
'smaller' than the completely un-squeezed partition, 
means that one can define a reduced Hilbert space, by 
taking this highest partition, and obtaining all the states 
in the reduced Hilbert space by using the squeezing oper- 
ation successively. In general, this reduced Hilbert space 
is significantly smaller than the full Hilbert space, which 
can be exploited in explicit calculations. 

We will now explain how one can completely spec- 
ify a large set of model quantum Hall states, first in 
the case when no quasihole excitations are present, and 
then in the presence of quasiholes. The starting point 
is the model Hamiltonian, which will be used to ob- 
tain the highest, or root partition. For the (bosonic) 
Read-Rezayi states^Zl, which we will take as an exam- 
ple throughout this section, the model Hamiltonian sim- 
ply gives a positive energy any time fc -I- 1 particles are 
coincident. In the thin-cylinder limit, this interaction 
translates to an assignment of a positive energy every 
time two neighboring angular momentum orbitals have 
a total occupation that is bigger than k. One can show, 
for instance, by an explicit calculation using the thin- 
cylinder limit, that the root-partition, in the absence of 
quasihole excitations, is given by (fc, 0, fc, . . . , 0, fc), see^fil 
ancp3i. To obtain the full Read-Rezayi state, one con- 
structs the (reduced) Hilbert space, which contains all 
those symmetrized monomials, which can be obtained 
from the one with root partition {k, 0, fc, . . . , 0, A:) by sym- 
metrically squeezing inwards. Total angular momentum 
is a good quantum number, and because we are looking 
at a state without excitations, we have an L = state. 



Note that indeed, the root partition has L^ — 0. To ob- 
tain the L = states in the reduced Hilbert space, one 
needs to impose the condition L_|_^ = 0. Because the 
Read-Rezayi state is the unique, highest-density state 
that vanishes when A: -I- 1 particles come together, it is 
ensured that this procedure wih completely determine 
the coefhcients of the monomials that form a basis for 
the reduced Hilbert space. 

We will now focus on constructing the Read-Rezayi 
states in the presence of quasiholes. We will only be 
interested in those parts of the wave functions which de- 
pend on the coordinates of the underlying particles. In- 
creasing the flux will lead to the introduction of quasihole 
excitations. The ground state of the model interaction 
will, in general, be degenerate. For the abelian Laughlin 
state, there is a so-called orbital degeneracy of the quasi- 
hole excitations. In the case of the non-abelian quantum 
Hall states, there is an additional 'intrinsic' degeneracy, 
coming from the non-abelian nature of the states. This 
degeneracy is present, even when the quasiholes are com- 
pletely localized (in which case the orbital degeneracy is 
absent). We should note that the explicit counting of 
states in the presence of quasihole excitations has been 
studied extensively, resulting in an explicit counting for- 
mula, from which all the angular momentum multiplets 
can easily be obtained. For details on these counting 
formulas for various model states, we refer to lTTMH 

To determine which angular momentum states are 
present for a given number of quasiholes, and to obtain 
these states explicitly, one can also use the above squeez- 
ing procedure. First, one needs to obtain the root parti- 
tions for the various angular momenta L^. The highest 
angular momentum is of course obtained by 'shoving' all 
particles as far as possible to the highest angular mo- 
mentum orbital as possible, i.e. as allowed by the model 
Hamiltonian. This will by definition also be the state 
which survives in the thin-cylinder limit. The root par- 
titions of the states at lower angular momentum are ob- 
tained by successively moving a (or the) particle with the 
lowest angular momentum to lower angular momenta. 
Once this particle is in the lowest angular momentum, 
one takes the next particle that has lowest angular mo- 
mentum, and moves it to lower angular momenta (of 
course, in such a way that one does not violate the in- 
teraction). One stops with this procedure when, in the 
following step, one would obtain a state with negative 
L^ ■ By construction, the states described above will sur- 
vive the thin-cylinder limit (within the corresponding L^ 
sector). As an example, we will look at the v — \ bosonic 
Moore-Read state for six particles, with AA'^ — 2 added 
flux quanta, or four quasiholes. In this case, one has 
the following root partitions for the various angular mo- 
menta: 

(0,0,2,0,2,0,2) L, = 6 

(0,1,1,0,2,0,2) L, = 5 

(1,0,1,0,2,0,2) L, =4 

(1,1,0,0,2,0,2) L, =3 



(2,0,0,0,2,0,2) L, = 2 
(2,0,0,1,1,0,2) i, = 1 
(2,0,1,0,1,0,2) i, =0. 

To determine the number of multiplets with L = I, 
one takes the root partition corresponding to this sector, 
and constructs the associated reduced Hilbert space by 
squeezing. On this Hilbert space, one acts with the con- 
straint L+^ = 0. This will give a set of equations on the 
coefhcicnts of the basis states. The number of non-trivial 
solutions of this set of equations is the number oi L = I 
angular momentum states. After having obtained these 
highest weight states, with L^ = I, it is a simple matter 
to obtain the other states in the same multiplet by acting 

with iy_. 



III. SQUEEZING RULES IN THE 
MULTI-COMPONENT CASE 

After having reviewed the squeezing rules in the one- 
component, spin-polarized case, we now turn our atten- 
tion to the main topic of this paper, the squeezing rules 
in the multi-component case. The additional degree of 
freedom could, for instance, be a layer or valley degree 
of freedom, but in this paper, we will focus on spin-1/2 
particles. Of course, the considerations apply to more 
general, multi component states as well. 

As in the spinless, or polarized case, we will be con- 
cerned with model Hamiltonians, which have a unique, 
zero-energy ground state, in the absence of quasihole ex- 
citations. 

In the case of bosonic states, the quantum Hall states 
are symmetric in the coordinates of the several compo- 
nents separately, which implies that we can expand them 
in the following way in terms of symmetrized monomials 



where the zj and z| are the coordinates of the spin-up 
and -down particles, respectively, and the c^^^i are coefh- 
cients. For fermionic states, one writes the states in terms 
of Slater determinants instead. The main point that we 
address in this section is how one can use squeezing to 
reduce the Hilbert space (i.e., to identify a large class of 
coefhcients c^,;^' in the expansion in eq. ([5]) which are 
zero). Equipped with this reduced Hilbert space, we will 
again (as in the polarized, one-component case), explain 
how to explicitly obtain the various quasihole states (and, 
hence, also the number of quasihole states present at a 
given flux). 



A. Some considerations about root configurations 

The main objective will be to find a generalization of 
the squeezing rules of the polarized case outlined in the 



previous section to the spinful case, for several model 
states. 

In the previous section, we explained that, for the 
ground state (i.e., in the absence of (quasihole) excita- 
tions) for several model states, there is a unique partition, 
the root partition, from which all the other basis states 
could be obtained by successively 'squeezing' particles 
inward in all possible ways. This root configuration was 
identical to the unique root configuration of the ground 
state, which survived in the thin-cylinder limit. 

In the spinful cases, there are, in general, several con- 
figurations that survive the thin-cylinder limit, because 
this limit is insensitive to the spin (or other internal) de- 
grees of freedom. Some of these configurations might be 
forced to have zero coefficient, due to the explicit form 
of the model Hamiltonian. Thus, it is not a priori clear 
how to generalize the squeezing procedure to the spin- 
ful case. In fact, one can think of several ways. Here, 
we will discuss the only procedure we found to work for 
every model state that we considered. 

Let us take an explicit example to explain our con- 
siderations, and focus on a simple spin singlet state, the 
Halperin-(221) state^ (using later the abbreviation (221) 
state) for spinful bosons, with filling fraction ly' = 2/3. 
This state is written as 



states) 



H, 



(ininn) 



E 



J2 P.j(p,5, = 0)- 



.0<p<n 



0<q<m 



(9) 



We return to the question of identifying root configura- 
tions of spinful wave functions by considering the bosonic 
(221) state. Because, in this example, no orbital can be 
occupied by two particles, we will use the following nota- 
tion. If the i*'' orbital is occupied by one spin-up particle, 
we write n^ =t, and n^ =\. for a down particle. An un- 
occupied orbital simply has rii = 0. 

It has been shown that, in the thin-cylinder limit, the 
states that survive are those that have electrons in neigh- 
boring sites that form singlets, separated by an empty 
site**^. In particular, there are four configurations of the 
(221) state of four particles that survive in the thin torus 
limit, namely, 



(;,t,o,;,t) 
(t,;,o,;,t) 



*(22i)({2''', z^}) = YlizJ - z]f{z\ - z]f Y[{zl - zf) , The partitions of the form 



i<j k,l 

(6) 
where the zj and zi denote the complex coordinates of 
the i*'' spin-up and -down particles, respectively. 

The (221) state is the ground state of a local Hamilto- 
nian which can be written in terms of Haldane pseudopo- 
tentials. In particular, this Hamiltonian projects onto 
states in which no two particles of the same spin have 
angular momentum less than two, and no two particles 
of opposite spin have relative angular momentum zero. 
These properties can be read off from the wave function 

Let us denote by Pij{L,S) the projector, which 
projects onto (i.e., penalizes) the state in which particles 
i and j have relative momentum L, and have overall spin 
S. In terms of these projectors, the model Hamiltonian 
can be written as 



(t,t,o,;,i) 



(i,t,o,t,;) 
(t,;,o,t,;) 



(;,;,o,t,t) 



(10) 



(11) 



H, 






(7) 



The sum here is over all pairs of particles, irrespective of 
their spin. We remind the reader that we are dealing with 
bosons, so we do not have to add the projector Pij{l, 1). 
For completeness, we quickly introduce the general 
Halperin-(m?7in) states, which take the form 



^i^^n)i{z\z^}) ^llizj-zjrizf 



■l\ni 



-4) 



i<] 



k,l 



^i\'n 



(8) 

For m = n + 1, these states are singlet states. In general, 
they are the densest zero-energy ground states of the in- 
teraction (note that the projectors now project onto 5*2 



are absent in the (221) state, because two particles of 
equal spin have a minimal relative angular momentum of 
two, as in the bosonic Laughlin state with v ~ 1/2. 

We will show in the next subsection how the configura- 
tions (10 1, which correspond to states that survive in the 
thin-cylinder limif*^, can be used as root configurations 
to obtain the reduced Hilbert space. 



B. Squeezing rules for spinful states 

Our strategy to uniquely specify spinful states will fol- 
low the polarized case as closely as possible, namely, we 
will try to find a single, or several, root partitions, from 
which the others can be obtained by squeezing. On this 
restricted Hilbert space, we furthermore impose the high- 
est weight condition L_|_\E' = 0. If the state is a spin sin- 
glet state, obeying SU(2) invariance, we will impose the 
additional condition 5*+^ = 0. As we already pointed 
out, there are, in principle, several ways of doing this. 
In the following, we will give a set of rules, which we 
found to uniquely define a large class of model quantum 
Hall states, including the spin singlet Halperin state, the 
non-abelian spi n sing let states proposed by Ardonne and 
Schoutens (AS)22142l ^j^e Haldane-Rezayi stateP, and 
a non-abelian state exhibiting spin-charge separatiorP^l, 
which we will denote by the acronym 'SCsep'. A lesser 
known fermionic spin singlet state which can be con- 
structed this way is the product of a permanent and a 



complete Jastrow factor, ^sFpcr — Per( 1-^4, ) x ^(m), 

a state which was studied by Read and RezayP^l. 

As examples of states which are not SU{2) invariant 
we mention the (ppO) states with p > 1, and the bosonic 
Sz=0 state *sBpor = Per( 



V— r) X *(22i)- Many of the 

states we just mentioned turn out to have root configu- 
rations which are closely related. We will come back to 
this interesting issue in section |V) 

We remark that, although the spin singlet composite 
fermion states do obey a squeezing principle, it is not 
possible to uniquely define these states by imposing con- 
straints on the reduced Hilbert space. The reason behind 
this is the same as for the polarized composite fermion 
states: they are not the unique ground states for any 
local model Hamiltonian. 

We will now describe the procedure, to generate the 
model states, which we divide in a few steps. 

1. First, one needs to decide which root configuration 
to use. This can simply be a choice, or derived from 
a model Hamiltonian. In this root configuration, 
one completely ignores the spin or internal degree 
of freedom. For spin-1/2 fermions, the maximal 
occupation number in the root configuration is two, 
for spin-1/2 bosons there is no such constraint. 

2. To construct the reduced Hilbert space, one starts 
by constructing all the possible states one can ob- 
tain by squeezing from the root configuration ob- 
tained in 1. Still, one does not take the spin degree 
of freedom into account (apart from the restriction 
in case of fermions, as in 1.). 

3. Continue by taking all states obtained in 2., and 
distribute the spin degree of freedom in all possible 
ways. 

4. Impose the constraints coming from the Hamilto- 
nian, which arc not taken into account already. 

5. Impose the applicable highest weight conditions. 
This always includes L_|_$ = 0. If the total spin 
is a good quantum number, one also needs to im- 
pose 5+* = 0. 

Some remarks about these steps are in order here. The 
procedure we employ is to first strip off the internal de- 
grees of freedom, perform the squeezing, and re- introduce 
the internal degree of freedom. Although we seem to 
be working in a roundabout way, this procedure is in 
fact necessary, to obtain a 'large enough' reduced Hilbert 
space. By this we mean that wc would like our procedure 
to work for all known model states with internal degrees 
of freedom. 

As an example of a state for which the 'naive' pro- 
cedure does not work is the Halperin-(332) state. One 
of the putative root configurations reads (|, 0, f, 0, 0, | 
,0,t,0, 0,1, 0,t), while the other seven are obtained by 
replacing 4-^0,^ with tiOii in the various locations. If 



one starts to squeeze the up and the down particles from 
these root configurations, one never obtains a configu- 
ration like (t, 0, 0, t, i, 0, 0, |, 0, 0, f, 0, i), which is never- 
theless present in the expansion of the (332) state. Our 
procedure overcomes this problem. 

The fact that we first drop the internal degree of free- 
dom, and later re-introduce them in all possible ways, 
gives sometimes rise to basis-states which actually are 
not allowed by the Hamiltonian. A simple example is 
the (221) state, in which the basis states in equation ([IT]) 
have zero coefficient. This 'problem' can be dealt with in 
a simple way, by giving these basis-states which are not 
allowed because of the Hamiltonian, zero coefficient by 
hand. This typically only involves a low number of basis 
states, and only the first few orbitals, depending on how 
complicated the Hamiltonian is. Typically, the number 
of constraints coming from the highest weight L+^ = 
condition is much bigger. In fact, explicitly setting coeffi- 
cients to zero reduces the number of variables one has to 
solve for. Sometimes, one does not even have to set these 
coefficients to zero by hand, because these constraints are 
incorporated in the condition L+VP = 0. Examples are 
the (221) state and the AS states. On the other hand, 
for the Haldane-Rezayi and SCsep states, one has to take 
additional constraints coming from the Hamiltonian into 
account explicitly. 

The squeezing rules we presented above can be used for 
states without quasiholes present, as well as states with 
quasiholes. The only difference lies in the root configura- 
tions one start with. One obtains these in the same way 
as for polarized states with quasiholes present. One con- 
siders the root configuration disregarding the spin, with 
the appropriate number of orbitals, and fills the orbitals 
such that the particles have as high an angular momen- 
tum as possible, taking the Hamiltonian into account. 
This automatically gives a configuration with the high- 
est Lz possible. The other L^ sectors are obtained by 
hopping the particles to lower angular momenta as ex- 
plained for the polarized case at the end of section [H] 
This gives a set of root configurations, all at different L^- 
To obtain the reduced Hilbert spaces in the different Lz 
sectors, one uses the same squeezing procedure we intro- 
duced above. The number of states is then given by the 
number of solutions to the constraints, namely L^"^ = 0, 
as well as S^"^ = and the constraints coming from the 
Hamiltonian, if applicable. 



IV. EXPLICIT EXAMPLES OF SPINFUL 
QUANTUM HALL STATES 

In this section, we consider a set of (spinful) states, for 
which we checked that the squeezing procedure we pre- 
sented in the previous section works, and gives the right 
number of multiplets, as given by the counting formulas. 
For singlet states, this means that we obtain the right 
number of (L, S) multiplets, while for states where total 
spin is not a good quantum number, but Sz is, we obtain 



the correct number of L multiplets at each possible value 

Underlying these counting formulas lies an exclusiorfSl 
(or generalized Pauli) principle, which limits the number 
of particles that can occupy a certain number of adja- 
cent orbitals. In the polarized cases, the orbital occu- 
pations that satisfy the exclusion principle, are precisely 
those orbitals that are used in the construction of the 
states, using the squeezing principle. We will show that 
in the spinful or multi-component case, we have exactly 
the same result. Namely, one can obtain the right num- 
ber of states, from an exclusion principle, but to make 
the correspondence work, one needs a procedure where 
one first ignores the spin to generate a set of orbital occu- 
pations. Then, one has to dress these orbital occupations 
with the spin degrees of freedom, taking constraints com- 
ing from the Hamiltonian into account. The amount of 
states obtained in this way, is in one-to-one correspon- 
dence to the number of states present, for the number of 
particles and quasiholes under consideration. Below, we 
will go over the different states in more detail, and state 
in detail the constraints one has to impose on the con- 
figurations, to obtain the correct counting. We checked 
this in each case for a considerable number of particles 
and quasiholes, but a proof for the claims made will be 
left for another occasion. 



A. The (221) singlet states 

As we pointed out in the previous section, the bosonic 
(221) state is the ground state of a local Hamiltonian that 
can be written in terms of Haldane pseudopotentials. We 
repeat the wave function here for convenience, and refer 
to the previous section for the model interaction, eq. ([7]) 

^(221){{z\ Z^) - n(4 - 4?{4 " 4)' 11(4 - 4a) ■ 
i<j l,m 

(12) 
The root configuration, which one should use to gener- 
ate this state, is closely related to the configurations that 
survive in the Tao-Thouless limit (sec^^ for this state). 
We already discussed these configurations in the previous 
section, where we described the squeezing procedure in 
detail. In particular, the configurations needed are the 
Tao-Thouless configurations, but with the spin degrees 
of freedom removed, which leads to configurations of the 
form (1, 1, 0, 1, 1, 0, ... , 0, 1, 1) in the case of the ground 
states (i.e., states without additional quasiholes). The 
various configurations needed for states with quasiholes 
are obtained in exactly the same way as the configura- 
tions of polarized states in the presence of quasiholes, 
which we explained in detail in section In] 

The number of states generated in this way, indeed 
form all the ground states of the pseudopotential Hamil- 
tonian described above. The counting of the number of 
states has been described in detail in the literature. Here, 
we will formulate this counting in terms of an exclusion 



(or generalized Pauli) principle^. 

To describe this exclusion principle, which can be used 
to count the number of ground states for an arbitrary 
number of particles and fiux, we start by noting that 
the filling fraction of the (221) state is i^ = 2/3. So, we 
will be considering orbital occupations in which no three 
neighbouring orbitals contain more than two particles. 
In addition, no orbital can be occupied by two particles. 
By enumerating all the configurations that satisfy these 
criteria, we obtain a set of configurations, which can be 
grouped into a set of angular momentum multiplets. We 
will now turn our attention to the question of how to 
'introduce spin' to these multiplets. 

We thus consider all possible ways to distribute spin 
over the orbital configurations obtained from the rules 
above. Distributing the spins over the orbital configura- 
tions is subjected to a constraint, namely two neighbour- 
ing orbitals can not contain two particles with the same 
spin (or better, can not form an S* = 1 multiplet), which 
follows from the pseudopotential Hamiltonian. Because 
the (221) state is SU{2) symmetric, this implies that two 
particles occupying neighbouring orbitals must form a 
singlet pair. 

The particles that are not forced to be part of a singlet 
pair by this rule are free, and can be part of an arbitrary 
spin multiplet. To complete the counting, we thus need 
to know the number of different S multiplets that the free 
spins can form. This is a standard problem. If one has n 
spin-1/2 particles, the number of s multiplets is given by 



#(n,s) 



2s- 



n/2- 



1 I n 
i + 1 \n/2 + s 



(13) 



This completes the counting of the ground states of the 
model Hamiltonian of the (221) state, in terms of the 
exclusion principle outlined above. 

We checked that the above is in accordance with the 
counting formula for the number of (quasihole) states 
given the number of particles N and the total number of 
fiux quanta N^ on the sphere. The number of fiux quanta 



is given by N^ 



3N_ 
2 



where n — n^ + n^ is the 



total number of quasiholes, and N = N^ + N^. Then, the 
number of states is given by 



#(22l)(^,»^) 



N^+Ni,=N 






Ni + n^ 



(14) 



where the sum is over all possible ways of dividing N 
(and n) into up and down particles. In addition, the 
sum is constrained by the relation N^ + n^ = N^ + n^, 
which guarantees that both spin species see the same 
amount of fiux. Finally, the total Sz quantum number of 
particular contribution to the number of states is given 
hy2Sz = N^^N^. ^ 

It will be useful in the following to give an alterna- 
tive description of the number of spin-s multiplets in the 
tensor product of n spin-1/2 representations. One of the 
simpler ways, out of the many ways possible, to show 



that this number is given by eq. (13), is as follows. The 
number of states with a fixed, total value Sz is given 
by (^^^y" -1/5,)- The number of spin-s multiplets is then 

s minus the num- 

J 



product of k (221) states, 



given by the number of states with s 
ber of states with Sz = s + 1, or (^ 

2s+l f n \ 
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■i/2+s+l/ 



n/2+s+l 

For the non-abelian generalization of the (221) state, 
we will need a more graphical description of the num- 
ber of spin-s multiplets present in the tensor product of 
n spin-1/2 particles, which goes under the name of the 
'Rumer-Pauling' rules^^'^. In this representation, all the 
n spin-1/2 particles are depicted by lines, which 'carry' 
the SU{2) s ~ 1/2 representation. For convenience, we 
order the lines next to each other. Joining two lines, as 
depicted in figure [11 means that the two spin-1/2 repre- 
sentations form a singlet (or valence bond). The total 
number of spin singlets one can form out of n spin-1/2 
particles, is given by the number of ways one can con- 
nect the n spins pairwise, such that the connecting lines 
do not cross. The number of such diagrams can easily 
be shown to be a Catalan number, in accordance with 
eq. ( 13 1. The total number of spin-1 states can be found 



in a similar way, but this time, one should leave two of 
the spin-1/2 particles unpaired, and pair up the remain- 
ing onea^. Again, the lines representing the spin-1/2 
representations can not cross one another. In the fig- 
ure [2] we display the diagrams enumerating the spin-1 
diagrams. Analogously, there are five spin-2 configura- 
tions, and only one spin-3 configuration, with all spins 
unpaired. 



B. The non-abelian spin singlet states 

One can construct non-abelian analogues of the (221) 
spin singlet states, in the same way as one can generalize 
the Laughlin i' = ^ state to the Moore-Read and Read- 
Rezayi states. The Read-Rezayi states are labeled by a 
parameter k, which characterizes the vanishing proper- 
ties of the states, when one clusters the constituent parti- 
cles. By concentrating on the simplest bosonic state, one 
has that the RR-fc state does not vanish when k particles 
coincide, while the wave function vanishes quadratically 
when fc -|- 1 particles coincide. It turns out that there is 
a unique, densest state with these properties. 

The non-abelian spin singlet states'*^ are the spin sin- 
glet analogues of the Read-Rezayi states. The AS ground 
states also have the property that they do not vanish 
when k particles coincide (irrespective of their spin), 
while the wave function vanishes quadratically (linearly) 
when A; -|- 1 particles of the same (mixed) type coincide. 
An easy explicit form of the wave function uses the 'Cap- 
pelli' form'*^ of the Read-Rezayi wave functions, which is 
a symmetrized product of k bosonic Laughlin 1/2 states. 
SimilarlySSl^ one can write the AS states as a symmetrized 



^AsAW,z^})^S, 



*(221)({4,4})X 



*(221)(K,4})---*(221)(K.4}) 

"(15) 

where the (221) wave function is given in eq. (p| and 
Szf,z-^ denotes the separate symmetrization of the spin-up 
particles on the one hand, and the spin-down particles on 
the other. The filling fraction of these simplest bosonic 
AS states is given by z^ — ^, which changes to i^ = 
2fcM+3 ^ipo^ multiplication of a complete Jastrow factor 
for spin-up and down particles. For future reference, we 
will write this factor as rii<i(^i ~ ^i)*^i where x can 
denote the position of either a spin-up or down particle. 
For fc = 2, it is rather straightforward to write down 
an interaction, for which the (simplest bosonic) AS states 
are the unique ground states. We will concentrate on the 
simplest bosonic case M = 0. For fc = 2, the interaction 
is a three body interaction, which does not depend on 
the spin of the interacting particles, and is identical to 
the model interaction having the (spinless) Moore-Read 
state as its ground state. In particular, we can write 



^AS,fc=2- Y. P^J■k{0,b+P^,JMO^h 



(16) 



i<j<k 



We do not need the term Pi.j,fe(l, |), because this term 
will not give a contribution to the energy because we are 
dealing with bosons. For arbitrary fc, the interactions will 
be a fc -|- 1 body interaction, penalizing the coincidence 
of fc -(- 1 particles. 

After this short overview of the AS states, we turn 
our attention to the root configurations, which survive 
in the Tao-Thouless limit, and which are the configura- 
tions to be used in generating the states (with or without 
quasihole excitations), by using the squeezing procedure 
we presented in this paper. Because the states can be 
written as a symmetrized product over fc (221) states, 
it naturally follows that the root configurations (after 
stripping the spin degrees of freedom), can be written as 
(fc, fc, 0, fc, fc, . . . , 0, fc, fc). We have checked extensively 
that the number of states (or better, (L, S) multiplets) 
generated from the root configurations, via our proce- 
dure to construct model states as explained in the pre- 
vious section corresponds one-to-one with the counting 
formula obtained from the underlying conformal field the- 
ory. This counting formula precisely gives the number of 
(L, S) multiplets, given the number of particles and fiux 
quanta. In appendix [Cl we collect counting formulas for 
several model quantum Hall states. 

The number of states can also be obtained from an 
exclusion principle, analogously to the RR and Halperin 
states. This exclusion principle makes use of the struc- 
ture of the root configurations. As we did for the (221) 
state, we describe the counting in the case M = 0; mul- 
tiplication of the wave functions by an overall Jastrow 
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FIG. 1: The configurations enumerating the number of S = states in the tensor product of 6 spin-1/2 particles. 
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FIG. 2: The configurations enumerating the number of 5* = 1 states in the tensor product of 6 spin-l/2's 



factor does not change the counting, although the pre- 
cise form of the root configurations changes. 

From the symmetrized expression for the AS states in 
eq. (15), one observes that every orbital can at most be 



occupied by k particles, while every set of three consec- 
utive orbitals can at most be occupied by 2k particles. 
These rules are enough to determine the possible angu- 
lar momentum multiplets, for a given number of particles 
and number of orbitals. The more interesting part of this 
problem lies in how one has to 'introduce' the spin de- 
grees of freedom to the obtained configurations. 

In the Halperin states, no two up particles can occupy 
neighbouring orbitals, which forces two particles occupy- 
ing two neighbouring orbitals to form a singlet. In the 
case of the AS states, we instead have that two neigh- 
bouring orbitals can occupy at most k up particles. This 
means that if two neighbouring orbitals are occupied by 
k+1 particles or more, some of these particles will have to 
form singlets. Two particles forming such a singlet have 
to occupy neighbouring orbitals. This follows from the 
fact that the AS states are symmetrized products of (221) 
states, which allow, in their root configurations, for max- 
imally one particle per orbital. Upon symmetrization, 
no singlets are formed in a single orbital. As a result, we 
find that some particles occupying neighbouring orbitals 
are forced to form singlets. 

We focus now on the remaining particles. If these par- 
ticles were free to form arbitrary multiplets, we could 
use eq. ( 13 ) to obtain the number of S multiplets for 
each L multiplet we obtained earlier. However, the 'free 
spins', which are not bound to form singlets, can not 
form arbitrary S multiplets, because we have the addi- 
tional constraint that no singlet can be formed on a sin- 
gle site. As such, the amount of S multiplets actually 
depends on the precise distribution of the free spins over 
the orbitals. To complete the description of the exclu- 
sion principle for the AS states, we therefore make use of 
the explicit diagrams enumerating the number of S mul- 
tiplets, given a number of (free) spin-1/2 particles, which 
we outlined in the previous subsection. Given these di- 
agrams, in which all the singlets are completely explicit, 
we can simply check if they give rise to singlets on a single 



site for a particular orbital occupation of the free spins. 
If so, the diagram does not contribute to the number of 
(L, S) multiplets. By making use of the rather simple ex- 
clusion principle for the (221) state, and the fact that AS 
states are symmetrized products of these, we were able 
to obtain an exclusion principle for the AS states. We 
checked the results from this method against the known 
counting formula derived from the underlying conformal 
field theory (which also makes use of an exclusion prin- 
ciple), and found complete agreement. 



V. THE ROOT CONFIGURATIONS 

{2,0'-\2,0''-\...,0''-\2) 

In the following subsections, we concentrate on a set of 
fermionic spin singlet states, for which the root configura- 
tions are of the form (2, 0'-\ 2, 0''-\ . . . , 0'^-\ 2), where 
0''^^ denotes a sequence of r — 1 zeros. These states are 
interesting, because they are closely related to a set of 
spinless (or spin-polarized) , bosonic quantum Hall states 
at the same filling fraction. In a recent papei'^, we ex- 
plained this connection in detail for the fermionic spin 
singlet Haldane-Rezayi state, and the bosonic polarized 
Haffnian state. Both these states can be obtained from 
the root configuration (2, 0''-\ 2, 0'-\ . . . , 0''-\ 2) with 
r = 4. In the following section, we will consider r — 3, 
giving rise to the bosonic, spin polarized 'Gaifnian' wave 
function, while if one considers the same root configura- 
tion for spinful fermions, one obtains a non-abelian spin 
singlet state, showing spin-charge separated excitations. 
Finally, for r = 2, the root configuration gives rise to 
the Moore- Read state, as well as a spin singlet, fermionic 
permanent state. 



A. The Haldane-Rezayi case 

Let us start with the Haldane-Rezayi wave functiorPS^ 
which is a fermionic, spin singlet d-wave paired state. 
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which takes the form 
^nR{{z\z^}) = Det( ^^ u, )W^^~^j)' , (17) 

using the convention that the variables Xi can stand 
for either spin-up or down particles. The filling of the 
Haldane-Rezayi (HR) wave function is j^ = 1/2, and 
originally, this wave function was proposed to describe 
the V — 5/2 quantum Hall effect. Nowadays, we know 
that this wave function describes the transition between 
a gapped str ong paring phase, and a weak pairing d-wave 
singlet phase^. A lot more is known about the HR wave 
function, which we will not d well on here, but instead 
refer the reader to the literature^SBMS] 

One property we would like to point out, is that the 
wave function does not vanish when a spin-up and a spin- 
down particle coincide. The wave function vanishes, how- 
ever, as a fourth power, when any three particles come 
together (when two particles of the same spin coincide, 
the wave function vanishes as a third power). 

In the following, we will focus on the connection be- 
tween the HR wave function, and the so-called Haffnian 
wave function, first pointed out irF^I. This connection 
has its origin in the root configurations needed to gen- 
erate both states, as well as in the the generalized Pauli 
(or exclusion) principle, which can be used to count the 
number of states. 

Let us start by giving the interaction, for which the 
HR state with filling fraction z^ = ^ is the exact ground 
staters. The interaction assigns a non-zero-energy to any 
two particles with relative angular momentum 1. If one 
changes the exponent of the Jastrow factor in eq. pTJ ) to 
g, with q> 2, the interaction that will have the Haldane- 
Rezayi wave function as its unique ground state at flux 
N^ = qN — {q + 2) gives non-zero-energy to any two par- 
ticles with relative angular momentum q—1 or q < 3. We 
will, however, mostly be concerned with the (fermionic) 
case q = 2. In terms of two-body projectors Pij{L,S), 
the interaction for q = 2 can be written as 



i:fHR = 5]P»,j(l,0) + P,,,(l,l) 



(18) 



1<J 



To generate the HR wave function via our squeez- 
ing procedure, one has to specify the root configuration 
(without spin!), which for the case at hand can be de- 
scribed, for g = 2, as follows. Each orbital is occupied 
by at most two particles (this follows of course from the 
Pauli principle), and any sequence of four consecutive 
orbitals can also at most be occupied by two particles. 
This leads to the following most densely packed root con- 
figuration (2,0,0,0,2,0,0,0,2,0, ...,0,2,0,0,0,2), cor- 
responding to filling i^ = 5 and shift 5 = 4 (the shift 
being defined as N^ — u~^N — 6). To obtain the wave 
function, we use the method outlined in the previous sec- 
tion. The only thing we need to specify are the addi- 
tional constraints coming from the Hamiltonian. Two 



particles with combined spin-1 can not have relative an- 
gular momentum 1. Indeed, from the wave function one 
sees that the minimal relative angular momentum of two 
up (or down) particles is two. For the squeezing rules, 
this implies that all configurations with nj = nj = 1 or 
riQ = rt { = 1 get zero coefficient. With this rule in place, 
we have specified all the rules necessary to generate the 
zero-energy ground states of the model interaction for 
the HR state, at any fiux. We have verified that the 
amount of zero-energy ground states corresponds exactly 
to the counting of such states as performed on the sphere 
originally irp3. 

To formulate an exclusion principle, which can be 
used to count the number of (quasihole) states for the 
Haldane-Rezayi case, one has to follow the same strat- 
egy as for the Halperin-(221) and AS states. One takes 
the root configurations with the spin degrees of freedom 
removed, and adds spin in all possible ways consistent 
with the Hamiltonian. We will follow the discussion of 
this as given irpS. In that paper, it was shown that it 
does not suffice to start from the configurations which 
satisfy the basic principle that each four consecutive or- 
bitals can be occupied by a maximum of two particles, as 
is the case for the root configurations used to construct 
the state. In addition, one needs to consider configura- 
tions of the form (0, 2, 0, 0, 1) as well. The presence of 
these configurations was confirmed by the results for the 
HR state on the thin-cylinder limit ^'*. This latter pa- 
per also provided a counting formula for (non-localized) 
quasihole states on the torus. 

Following221, it was found that to formulate an exclu- 
sion principle for the Haffnian state, it was necessary 
to consider these additional configurations. They take 
care of the fact that the Haffnian is a so-called irrational 
state, with a ground state degeneracy which grows lin- 
early with the number of particles. For the results on the 
torus, we refer tcPSl (see alscPSl), and focus on the spher- 
ical geometry here. The additional configurations can 
be described as follows. Every time one has a i/ = 1/2 
Laughlin like root pattern, namely 1,0,1,0,1,0,1,0,1, 
one allows squeezing of two neighbouring particles, i.e. 
0, 1, 0, 1, — )■ 0, 0, 2, 0, 0, as long as one does not generate 
a sequence 0, 1, 0, 0, 2. Alternatively, one can think of the 
configurations 0, 2, 0, 0, 1 as appearing symmetrized with 
a 0,1,0,0,2 configuration (but not separately counting 
the latter). The basic configurations, combined with the 
additional ones do account for all the ground states of 
the model Hamiltonian having the Haffnian as its dens- 
est ground state. This counting was performed irj321. 

To obtain the exclusion principle for the HR state, 
one takes the configurations we just described for the 
Haffnian, and dress them with spin in all possible ways 
consistent with the model Hamiltonian. The Pauli prin- 
ciple implies that an orbital occupied by two particles 
harbours a singlet. The Hamiltonian implies in addi- 
tion that the same is true for two neighbouring orbitals 
that are singly occupied, and even for two next-nearest- 
neighbour orbitals that are singly occupied. Thus, for a 
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spin to be 'free', meaning that it could be part of an arbi- 
trary big spin-multiplet, both its two nearest-neighbour 
and its two next-nearest-neighbour orbitals have to be 
unoccupied. Thus, the spin of the particle occupying the 
middle orbital in the configuration 1, 0, 0, 1, 0, 0, 1 is free 
to be part of an arbitrary large spin multiplet. 

The rules given above suffice to count the number of 
ground states of the HR model Hamiltonian at arbitrary 
number of fluxes on the sphere. Namely, one takes all the 
configurations allowed for the Haffnian state, and dresses 
them with spin, in all possible ways consistent with the 
rules above. One determines which of the spins are forced 
to be part of a singlet. The remaining spins form arbi- 
trary big spin multiplets, with a degeneracy given by, as 
explained in the previous section, n/2+'/+i (rt/2+s)' '^tiere 
n is the number of (free) spins, and s the spin multiplet. 

In Ref.'^, it was explained that a similar reasoning in- 
deed gives the right ground state degeneracy on the torus, 
for both the Haffnian and HR states. For the HR state, 
a conformal field theory description has been worked out 
jjj50ft52| rpj^g quasihole states can be counted by employ- 
ing the same exclusion principle. The generalized Pauli 
principle we described here can also be used to count the 
number of states for the Haffnian and HR state on the 
torus, see22l. Explicit counting formulas for these cases 
were given irPSl. 



B. Spin-Charge separated states 

By considering the root configuration 

(2, 0,0, 2, 0,0, 2,0,..., 0,2, 0,0, 2), which for spin- 
polarized bosons gives rise to the 'Gaffnian' wave 
functiorPS one can also construct a fermionic spin singlet 
state. The state one obtains in this way has been con- 
sidered in the literature before, and goes under the name 
of the 'spin-charge separated' state, because the state 
exhibits minimal quasihole excitations without spin ■ . 
The relevance of this state in the realm of cold atomic 
gases was studied irP^l. Interestingly, while the Gaffnian 
state is described by a non-unitary conformal field 
theory, the spin-charge separated state is obtained from 
a unitary conformal field theory, which is a necessary 
condition for a well behaved, unitary theory describing 
the edge excitations of the bulk, gapped phase. 

The wave function of this state takes the form 



* 



SCscp 



({znz^}) = pf(-4-)*(22i)({^n^n) , (19) 



where the PfafSan factor is with respect to all particles. 
This state has filling j/ = |, and the shift on the sphere 
is given by 3. The interaction for which this state is the 
unique, zero-energy ground state was worked out irP^, 
and can be written in terms of three body projectors^ 
Pi,j.k{L, S), assigning energy according to the relative 



angular momentum and the overall spin of the particles 



i<j<k 

(20) 
where we choose to set the coefficients of the projectors 
to one. This Hamiltonian penalizes the closest approach, 
allowed by the Pauli principle, of three up particles (say). 
In addition, the two closest approaches allowed by the 
Pauli principle of three particles which form a doublet 
S — 1/2 are also penalized. 

To describe how we can construct this state by means 
of our squeezing procedure, we have to specify the addi- 
tional constraints coming from the Hamiltonian. In this 
case, it turns out we have to set the coefficients of all basis 



1 



states which obey Uq = n[ = n!^ = 1 or Hq = n[ = r 
to zero. In this way, we can generate all states, by squeez- 
ing from the appropriate root configuration, which satisfy 
the rule that every three consecutive orbitals are occupied 
by at most three particles. Solving the highest weight 
conditions for L and S gives, with the additional con- 
straints just given, the ground states of the Hamiltonian 

pol. 



We checked that the number of states generated by 
our squeezing procedure indeed gives the correct num- 
ber of ground states. This counting was performed iiP^, 
the resulting counting formula will be reproduced in ap- 
pendix [C] Like we did for the Haldane-Rezayi state, we 
will also give an exclusion principle in this case, based on 
the root configurations we employ to generate the (quasi- 
hole) states, which can also be used to count the number 
of ground states of the model Hamiltonian (20). 



In contrast to the Haldane-Rezayi case, in the case 
at hand, no 'additional' patterns are required to repro- 
duce the counting. The procedure to arrive at the exclu- 
sion principle will be equivalent to the HR case, namely 
we take the patterns from the related, polarized bosonic 
state, and dress them with spins, taking the constraints 
form the Hamiltonian into account. The related polar- 
ized bosonic state is the Gaffnian. The exclusion prin- 
ciple for the Gaffnian wave function is simply that one 
allows all configurations, which satisfy the basic rule that 
no three consecutive orbitals are occupied by three parti- 
cles or more. Taking these configurations, we assign spins 
in all possible ways to each configuration. Each site oc- 
cupied by two particles, will have to host a singlet. In 
addition, there is an additional constraint originating in 
the Hamiltonian and Hilbert space constraints. In par- 
ticular all configurations with three particles of the same 
spin in any four consecutive orbitals are to be discarded 
in the exclusion principle. This puts a constraint on con- 
figurations like (1,1,0,1) and (1,0,1,1), which dictates 
that two of the three particles in these configurations 
have to form a singlet. With these rules, one can con- 
vince oneself that one indeed reproduces the number of 
ground states of the model Hamiltonian. 
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C. Overview 

In the previous subsections, we pointed out that var- 
ious states can be related to each other via the root 
configurations which are used to generate these states. 
This gave a relation between the non-unitary Gaffnian 
and a unitary spin-charge separated state, as well as a 
relation between the irrational HafFnian and the non- 
unitary Haldane-Rezayi wave function. Here, we will 
give a broader perspective by considering the root config- 
urations (2, 0'"^^, 2,0'"^, . . . ,0''"^, 2), with r an integer. 
These root configurations can be used to generate spin- 
less bosonic states, spin singlet fermionic states, as well 
as spinful bosonic states. 

In table |lj we give an overview of the states one can 
construct for r = 1,2,3,4. To generate the spinless bo- 
son states, one simply uses squeezing to generate the re- 
duced Hilbert space from the appropriate root configu- 
ration, and demands that the state is an L = state. 
For the singlet fermionic states, one in addition requires 
the states to be S' = states as well. Finally, to define 
some of the spinful bosonic or fermionic states, one needs 
to impose that some of the states in the reduced Hilbert 
space have zero coefficient. We list these additional con- 
straints separately below: 

9 S — 1/2-fermions, r = 3 (SCsep state). 
Partitions with Uq — n[ = nJ^ = 1 or with tzq — 
nf = ni = 1 have zero coefhcient. 



S = 1/2-fcrmions, r = 4 (HR state). 



Partitions with nj == 
have zero coefficient. 



1 or with riQ = ri 



• 2-component bosons, r — 2 (H(220) state). 
Partitions with Uq = 2 or with 12^ — 2 have zero 
coefficient. 

• 2-component bosons, r — 3 (Per( f^ i ) x ^(221) 
state). 



Partitions with Wq = 2 or with tiq = 2 have zero 
coefhcient. 



2-component bosons, r = 4 (H(440) state). 



Partitions with 



.t 



= 2, 



a 



2, n, 



T 



= 1 or 



with riQ 



n^ 



1 have zero coefficient. 



We note in passing that it is possible to construct an- 
other two-component bosonic state with r — 2, namely 
\^ = Pf( ^^ ^ ) X Pf(^3— r) X *(iii)- This state was 

considered in the context of cold atomic gases irpS. This 
state can be obtained from our squeezing procedure with 
root partition (2, 0, 2, . . .), but now one needs the addi- 
tional constraint that partitions with nj = rip = 1 have 
zero coefficient. This gives rise to the state Vl/, but only 
when the number of particles is a multiple of four. If 
the number of particles satisfies N^ = 4p -I- 2, with p an 



integer, then the equations obtained from the construc- 
tion above do not have a non-trivial solution, in agree- 
ment with the fact that one can not write down the state 
above in this case (at least in the absence of quasiholes) . 
Similarly, we can construct a state at r = 4 of the form 



* = Hf((^Tr;tji) X Hf((^Tr;Tyi) X ^(222), by squeezing 
from (2, 0, 0, 0,2,...), and requiring that partitions with 



J 



.i 



J 



■.i 



T 



.i 



rig = 1, or tiq = n]^ = 1 or n| = ng = 1 have zero 
coefficient. 

In the next section, we will consider the state ^sBpcr = 
Per( t^ 4- ) X ^(221) in some more detail. We do currently 

i j 

not have a Hamiltonian, for which this state is the unique 
zero energy ground state. Thus, to find for instance the 
number of quasihole states, we have to rely on our squeez- 
ing method to obtain these states. What we will show 
in the next section is that the numbers we obtain, are in 
accordance with the numbers obtained from the so-called 
particle entanglement spectrum calculated for the state 
in the absence of quasihole excitations. 



VI. SOME APPLICATIONS: PARTICLE 

ENTANGLEMENT 

As one possible application of our root configuration 
analysis, we can compare the results that we have ob- 
tained for the quasiholes (namely, the number of quasi- 
hole states for a given number of fiux quanta), with 
the one p rovided through the entanglement spectrum 
(ES)S31Sl^ For a single non-degenerate ground state |^), 
the entanglement spectrum can be defined through the 
density matrix p — |^)(^| and the decomposition of 
1^) in two regions A, B. By tracing out the degrees 
of freedom of B, one obtains the reduced density ma- 
trix Pa = T^t^bP- Its spectrum is called the entanglement 
spectrum, and it unveils a rich structure of the state |^). 
The key idea is to focus on one block of pA, fixing all but 
one of the quantum numbers that are conserved within 
this operation. Then, one plots the ^i as a function of this 
quantum number, where exp(— ^i) are the non-negative 
eigenvalues of pA- Depending on the space in which the 
system is split into two parts, be it real, momentum, or- 
bital or particle space, different aspects of the system 
excitations will be revealed through the ES. 

It was shown that, if the regions A, B are regions of 
particles^^, the particle entanglement spectrum (PES) 
hence obtained by tracing over the positions of a set of 
B particles gives information about the number of quasi- 
holes of the system of Na particles and number of orbitals 
identical to that of the untraced system. In the case of 
the many model FQH states, the particle entanglement 
spectrum contains an identical number of levels as those 
of the quasihole states with a reduced number of parti- 
cles. This property seems to be valid even when no local 
Hamiltonian is known (such as the composite fermion 
wave functions^^. 

In figure Is] we show a typical ES, namely, the particle 



Spinless bosons 
S = 1/2-fermions (5 = GS) 

2-comp bosons {S^ = GS) 



(2,2,2) 

^(110) 



(2,0,2,0,2) 

Pf(l-3i-) X *i (MR) 

Per(;tr;T) X *{iii) 

*I'(220) 



(2,0,0,2,0,0,2) 
Gaffnian 



Pf( 



Perf 



X *(22i) (SCsep) 

^) X *(221) 



13 



(2,0,0,0,2,0,0,0,2) 
m{-, — 5_^) X *2 (Haffnian) 

\ (Z-l Zj) / 

Det^ 1 



V 1 J > 



U^) X *(222)(HR) 



* 



(440) 



TABLE I: Table with the various states one can define starting from the (2, 0*^"^, 2, 0'^"^, • . • , 2) root configurations. A dash 
indicates that there is no L = state for a general number of particles. We remind the reader that V['(mmn) denotes the {rnmn) 
state, while ^^ denotes the Laughlin state with filling v = —. 
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FIG. 3: The particle entanglement spectrum for the bosonic 
Haffnian state with A'^ = 10 particles, keeping Na = 5 parti- 
cles. The Lz^A degeneracy is due to the multiplet structure 
associated with L\. The counting per value Lz,a sector ex- 
actly matches the corresponding number of quasihole states 
for 5 particles and 10 added flux quanta. 



ES for the Haffnian wave function. All the entanglement 
levels are plotted against the total projected angular mo- 
mentum of part A, Lz^A- From the figure, it is immedi- 
ately clear that indeed the total angular momentum of 
part A, L^ is also a good quantum number. For com- 
parison, we show the same spectrum, with but with only 
the highest Lz state of every multiplet in figure [4J 




FIG. 4: The particle entanglement spectrum for the bosonic 
Haffnian state with A'' = 10 particles, keeping Na ~ 5 parti- 
cles. Only the entanglement levels of the highest weights are 
shown. 



It is interesting to note that the particle ES |4] shows 
a great deal of resemblance to the real energy spectrum 
of a typical quantum Hall state on the sphere, with a 
lowest lying L = state, separated by a gap from a 
continuum. In addition, even a feature resembling the 
typical roton-mode present in the energy spectrum seems 
to be present in the particle ES. The particle ES of the 
Haffnian state shown in figure [4] was obtained by tracing 
out half of the particles. The Haffnian can be seen as a 
symmetrized product of two Laughlin i^ = ^ states. It is, 
thus, perhaps not so surprising that a state such as the 
Laughlin v — ^ state should have a large contribution to 
the density matrix after tracing out half of the particles. 
Indeed, the overlap between the state corresponding to 
the lowest L = entanglement level has a very large 
overlap with the Laughlin i/ = ^, namely, (^4|po)^ ~ 
0.999860. Such a feature has also been observed for the 
Moore-Read statc^^. 

For the spin-polarized case on the sphere geometry, we 
can rely on two quantum numbers: the total angular mo- 
mentum L\ and its projection Lz^a- The additional L\ 
quantum number compared to the orbital ES explains 
the multiplet degeneracy observed in figure |3] The PES 
can be trivially extended to the spinful case. There, we 
have up to two additional quantum numbers that we can 
use, namely, the total spin S\ if the state is a spin sin- 
glet and its projection Sz^Ay which is always available. 
The orbital entanglement spectrum was already calcu- 
lated for a spinful quantum Hall wave function, namely, 
the Haldane-Rezayi case^. 

As an example of the particle ES for a singlet state, we 
use the AS state, for N = 12 particles, and trace out half 
of them. The spectrum is shown in figure [5] where we 
plot the highest Lz and Sz level for each {L, S) multiplet. 
The lowest entanglement level, i.e. the state contributing 
the most to the reduced density matrix, is an L = 0, 

5 = multiplet. The fc = 2 AS state can be thought of 
as a symmetrized product of two Halperin (221) states. 
This fact is reflected in the overlap between the N = 

6 particle (221) state, and the state |po) corresponding 
to the lowest lying L = 0, S = multiplet, which is 
(*(22i)|po)« 0.997878. 

We will now employ the particle ES to obtain some 
knowledge about the spinful, Sz — bosonic perma- 
nent state ^sBpcr — Per( t^ i ) x ^(221)- This state 

can be obtained by squeezing from the root configura- 
tion (2, 0, 0, 2, 0, ... , 0, 2, 0, 0, 2). Then, requiring a state 
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FIG. 5: The particle ES for the A^ = 12 bosonic AS state, 
with Na ~ 6. 



to be an L = state, and that no two particles with 
the same spin have relative angular momentuni smaller 
than two (and thus that configurations with tiq — 2 ot 



tiq = 2 have coefficient zero), leads to a unique state, 
the Sz — bosonic permanent state. We checked this 
statement for small particle numbers. One way to an- 
alyze this state, would be to find a model Hamiltonian 
for which this state is the unique ground state. With 
this model Hamiltonian, one can check the number of 
quasihole states, upon adding flux in comparison to the 
state without quasiholes. These numbers can then be 
compared to the number of states one obtains from the 
squeezing procedure we presented in this paper. Another 
way of comparing the number of quasihole states is to 
make use of the connection between the level counting 
of the particle ES, and the number of quasihole states, 
which has been shown to hold for all model states so 
far. To this end, we calculated the particle entanglement 



spectrum for the state ^sBpor — Per ( ^ -*- ^^ ) x '5(221) with 

six particles. Figure [6j shows the particle ES for system 
A consisting of two and three particles in parts (a) and 
(b) respectively. 



(a) Na=2 



(b) Na=3 



=1/2 
=3/2 



3 4 



FIG. 7: The particle entanglement spectrum for the bosonic 
spin-permanent state SBper, with A'^ = 8 particles, keeping 



Na=2 


L = 


= 0123456 


S.,A = 

1 


1111111 
10 10 10 


Na=3 


L = 


= 0123456 


S,,A = 1/2 
3/2 




2 2 3 2 2 1 
10 10 



TABLE II: Number of particle ES (L, Sz) multiplets for the 
bosonic spin-permanent state with Na = 2 (top) and Na = 3 
(bottom). 



the maximum L^^a state of each multiplet for clarity. 
The red lines indicate Sz.a = {Sz^a = 1/2) states, the 
green crosses Sz,a = 1 {Sz,A = 3/2) state, for Na ~ 2 
{Na = 3). This state is not a spin singlet state, so 5*^ 
is not a good quantum number. The number of (L, Sz) 
multiplets for the two cases are given in table [llj In figure 
[Tj we show the particle ES in the case of eight particles, 
and Na = 4. 

The total number of flux quanta for the bosonic spin- 
permanent state is N^ = ^^y^ — 3. For six particles, 
Nij, = 6. So, if we want to compare the number of levels 
in the particle ES, we should compare with the number 
of states obtained from the squeezing procedure, with 2 
and 3 particles, for N^ — 6. The root configurations one 
should use as a starting point for the squeezing procedure 
are 



FIG. 6: The particle entanglement spectrum for the bosonic 
spin-permanent state SBper, with N — G particles, keeping 
Na = 2 (fig. a) and Na = 3 (fig. b) particles. 

In these particle entanglement spectra, we only plot By performing the procedure we outlined above, we ob- 
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(1,0,0,0,0,0,2) 
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(1,0,0,0,0,1,1) 
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= 1 


(0,1,0,0,0,0,1) 


(1,0,0,0,1,0,1) 


Lz 
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(1,0,0,0,0,0,1) 


(1,0,0,1,0,0,1) 
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tained a number of states for each possible value of L 
and 5*2 , which is in complete accordance to the number of 
multiplets obtained from the particle entanglement spec- 
trum. We checked this for both A^'e = 6 and N^ — 8, 
which gives us a non-trivial consistency check on the 
squeezing procedure we proposed, where we used a state 
for which (at the moment) no other approaches such as 
a conformal field theory approach, is available. It seems 
likely, however, that a conformal field theory description 
is possible. Most likely, such a description would rely on 
a non-unitary conformal field theory, which could serve 
as a check on the results obtained above. 



VII. CONCLUSION AND OUTLOOK 

In this article, we have generalized the concept of root 
partitions and squeezing, known for spinless states, to 
the case of spinful quantum Hall states. We have checked 
for several model states that our procedure leads to the 
right wave function both for the ground state and the 
quasihole states. In particular, we have stressed that the 
naive generalization, i.e., keeping the spin information 
during the squeezing procedure, may fail. Thus, one has 
to rely on an undressed root partition, proceed with the 
squeezing, and then dress the configurations with spin, 
in a way that is compatible with the Hamiltonian. 

We have looked at several model states, such as the 
Halperin states and non-abelian spin singlet states, to 
test the validity of our set of rules. Using these spinful 
root partitions, we have provided a spin- 1/2 generaliza- 
tion of the spinless (k = 2, r) sequence, which includes 
the Moore-Read state, GafFnian and Haffnian states. As 
an application, we have shown that the counting observed 
when performing the particle entanglement spectrum on 
the ground state exactly matches the counting of the 
quasihole states relying on our rules. In addition, this 
counting also matches the counting results obtained by 
counting the number of zero-energy states of the model 
Hamiltonian for the state under consideration, in the 
cases when such a Hamiltonian is available. 

We hope that our method will provide a way to study 
topological phases with internal degrees of freedom, and 
shed light on some poorly understood quantum Hall wave 
functions, such as the irrational Haffnian wave function, 
via the connection with better understood wave func- 
tions such as the non-unitary Haldane-Rezayi wave func- 
tion. In addition, it would be interesting to compare our 
method in detail with other methods (inspired by the 
question of classifying the possible t opolog ical phases), 
such as the 'pattern of zeros' approacH^^H^ (see, also,!^ 
and generalization of the Jack polynomials^. Another 
interesting question is the generalization of the series 
{k — 2,r) for r > 4, since the polarized case already 
displays a rich structure such as its connection to the 
iV = 1 superconformal theories^ for r = 6. 
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Appendix A: Spin-singlet states 

We will start by a brief description of spin singlet 
states. In the following, the coordinates zj will denote 
the spin-up particles, while the zj denote the spin-down 
particles. The wave functions are composed of the orbital 
part, ^({zj,^^) which is a polynomial in the zj's and 

zys, as well as a spin part, which we usually omit. The 
spin part has the first N^ spins up, and the following N^ 
spins down. We will omit the usual exponential factors. 
We will state the condition on \I>({zJ, z|}), in order 
for the state to be a spin singlet. We assume that we 
are dealing with either bosons or fermions states. We 
will be concerned with the symmetry properties under 
the exchange of z^'s with z^'s. For the state to be a sin- 
glet, acting with both spin-raising and -lowering opera- 
tors should give zero. Acting with the spin-raising opera- 
tor has the following effect on the orbital part "^{{zj, z|}) 
of the wave function. A spin-down particle, say zj^ has 
to be raised to become a spin-up particle, which means it 
has to be symmetrized (anti-symmetrized) with all spin- 
up particles: 

S+^{{zl,z]}) ^^{{z],z]})±Y,-^{zl ^ zi^) , (Al) 

where in the bosonic (fermionic) case, one needs the plus 
(minus) sign. We will implicitly assume that the vari- 
able Zj^ will be renamed to zj^ i x, to incorporate the 
effect that the number of spin-up (-down) particles was 
increased (decreased) by one. Similarly, we have the spin- 
lowering operator 



,t a 



Nx 



S-^{{zl , z^n) = ^{{4 , 4}) ± L *(%t ^ 4) ' (A2) 



where we assume that zjy is renamed to zj^ , j^. The 
condition for the state to be a spin singlet is now easily 
written down. First, to have Sz — 0, we need to have 
N^ — N^. Secondly, both spin-raising and -lowering op- 
erators should give zero: 



t M 



5+*({z I , z".)) = S-^{{zl , z|}) = . (A3) 



The conditions ( |A3| ) go under the name of the Fock-cyclic 
conditions, and were spelled out in detail in ref. [ST) Note 
that in this paper, we will not be concerned with the 
Young 'symmetrization' procedure. In the case of quasi- 
hole states, we will have to consider multiplets of both 
spin and angular momentum. In that case, to obtain the 



16 



highest spin-state, we only need to consider the action of 
the spin-raising operator. This is actually also true for 
in the spin singlet case, because the polynomials we will 
consider will be (anti) symmetric under exchange of all 
spin-up particles with all the spin-down particles. 

For completeness, we recall that angular momentum 
raising and lowering operators (on the sphere) take the 
following form 



TVt 



m 



L,^{{zJ,zj})^ 



i=i j=i 



Ni 



L-*({zJ,z|})= (5]5^t+5]a,.j*({zJ,z|}) (A4) 

(A5) 

L+^iizJ, zj}) = hv^ ^ zj + 7V^ ^ zf- (A6) 



j=i 



JVt 



N, 



j:(zi)%r-j:('j)%.mzi4}) 



j=i 



where N^ is the number of flux quanta, and the total 
number of particles is given by iV = N^ + N^. 



Appendix B: Numerical implementation 

Having the explicit form of the raising and lowering 
operators, see appendix [Xj it is now a straightforward 
matter to implement the squeezing procedure we intro- 
duced in this paper numerically. From the form of raising 
and lowering operators L'^ and L~, it is clear that it is 
easiest to implement L~ , and demand that the states 
are lowest weight states, which is of course completely 
equivalent with demanding states to be highest weight. 

In practice, one has to implement the form of L~ and 
5'+ on arbitrary symmetric or anti-symmetric monomi- 
als, depending on whether one is considering bosons or 
fermions. We have implemented these routines, as well 
as some others, in a mathematica package, which is avail- 
able for download-*. These routines include solving rou- 
tines, which find the solutions for the highest weight con- 
straints. 



Appendix C: A collection of counting formulas 

In this appendix, we will collect, for convenience, 
the counting formula's for the number of states of the 
various model quantum Hall states we considered in 
this paper. After introducing some notation, we will 
start with some polarized states, in particular the Read- 
Rezayi states for arbitrary k (including the Laughlin and 
Moore-Read cases), followed by the characters for the 
(polarized states obtained from the root configurations 



(2,0'-i,2,...,0'-\2), for r = 2,3,4, i.e the Moore- 
Read, Gaffnian and Haffnian states. 

We will continue with some spin singlet states, first 
the AS states for arbitrary k (including for fc = 1 the 
Halperin-(221) state), again followed by states obtained 
from the root configurations (2, 0^^^, 2, . . . , O''^^, 2), in 
this case the fermionic spin singlet states, i.e. the per- 
manent state for r = 2, the spin-charge separated state 
for r = 3, and the HR state for r = 4 

1. Some notation 

The character formulas are stated in terms of 'q- 
binomials', which are q-deformations of the ordinary bi- 
nomials, and keep track of the L^ angular momentum. 
We will first introduce the notation {q)m, for m a posi- 
tive integer, {q)m, = YiTLii^ ~ 9*)- I'^ addition, we define 
(g)o = 1. The q-binomial is defined as 



' (<?)a 





for a, 6 e N and < 6 < a, 
otherwise. 



(CI) 



For instance, the number of states with / fermions in 
N^ + 1 orbitals is given by ( *'^^) . Assigning the Iz angu- 
lar momenta —N^/2, N^/2 -I- 1, ... , N^/2 to the orbitals, 
as is applicable for quantum Hall states on the sphere 
with Nff, flux quanta, one finds that the number of states 



is generated by q (^*+i /)//2 



N^ 



1 



f 



Namely, this 



u J J ^^{N^ + l-f)f/2 I 

expression can be expanded as z^;^_(^ +i_f)f/2 c; 9 , 
where I runs over half-integers if both N^ and / are 
odd. Otherwise, I runs over the integers. The num- 
bers Q are equal to the number of states with L^ = I. 
In addition, these states can be organized into angu- 
lar momentum multiplets, because, for I > 0, one has 
ci > Ci+i, and q = c_;. As an example, the num- 
ber of states for 2 fermions in 6 orbitals is given by 

q-'^ ^ =q-'^ + q-'^ + 2q-'^ + 2q-^+3 + 2q + 2q'^+q^ + q-^. 

This gives rise to one L = 4, one L = 2 and one L = 
multiplet. 

The number of states of b bosons with Nj, flux, or in 



N, 



1 orbitals, is similarly given by q ^■/■''/^ 



N^ + b 
b 

Finally, we will make use of the following notation in 
the subsequent sections. The matrix Aik has dimensions 
k X k^ and elements {Mk)i,j = niin(i, j). The matrix Ok 
has dimensions k x k, and elements {Ok)i j = max(0, i + 
J-k). 



2. The Read-Rezayi state 

We will start out with the character for the Read- 
Rezayi states, with parameter k. The 'basic' bosonic 
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RR states, i.e., those without any overall Jastrow factor, 
have filling fraction v = ■^. The number of flux quanta 
for these states is given by N^ = |iV — 2 + |;, with N 
the number of particles and n the number of quasiholes. 
We note that for N not a multiple oi k, n has to be 
non-zero, in order that the number of flux quanta is an 
integer. We note that, the counting of quasihole states 
remains unchanged if the wave function is multiplied by 
an overall Jastrow factor. We therefore write the formu- 
las in terms of N and n, the number of quasiholes, and 
not in terms of the number of flux quanta, because the 
latter will change upon multiplying the wave function by 
an overall Jastrow factor. 

The counting formula for the number of (quasihole) 
state in the RR case is given bySSl 



{ZI\-\-n)l\ r ^ 



^a-Mk-Si^ 



k 

n 



ai,...,ak>0 

'j2N±n^2{Mk-Bi)j+aj 



(C2) 



Here, the vector a is given by a — (oi, a2, ■ ■ ■ ,ak). 



(2,0'' 



The root configurations 
. . . , 0^~^ , 2): polarized bosonic states 



For r — 2, this case equals the Moore-Read cases, 
which in turn can be though of as the RR state for fc = 2. 
Here, we will display the (g-deformed version of the) form 
of the counting formula as it originally appeared in 1371 
The formula (C2) in the previous section with fc = 2 



required to have a state is three. We note that N and n 
have the same parity. 

The case r — 4 corresponds to the Haffnian wave 
function, which was considered in detail irpSl, where the 
counting was performed. The number of flux quanta is 
given by N^ = 2iV — 4-1- ^. The counting formula is given 
by 



# 



Haffnian 



{N,n) 



E' 



6+1-2 



N-b 



(C5) 
In order for this formula to be valid in all cases, we again 



have to define 



1 for all integers a. For N odd, n 



yields a different, but equivalent expression 



has to be at least four. 



4. Tiie non-abelian spin singlet states 

We will continue with a set of spin singlet states, which 
analogously to the Read-Rezayi states, can be defined for 
an arbitrary integer k. For fc = 1, they reduce to the 
Halperin-(221) states. The filling fraction of these states 
is i^ = ^ (in their simplest bosonic version). The flux is 
given hy N^ — ^^~2-f^, with N the total number 
of particles, N = N^ + N^, and n the total number of 
quasiholes, n = n^ + nj^. There is a constraint on these 
numbers, namely N^ + n^ — N^ + n^, which implies that 
the flux seen by the spin-up particles is the same as the 
flux seen by the spin-down particles. The counting for- 
mula for the number of states is given by^SI 



#MR(A^,n) 



^,^/^ 



N-f 



n 



(C3) 



The sum over / runs over even (odd) integers for N even 
(odd), and the number of quasiholes n is always even. 

For r = 3, we obtain the Gaffnian wave function, for 
which the the number of flux quanta is given by N^ = 
^ — 2> -\- n. The counting formula was derived irPSl and 
we will display its q-deformed version here, which is valid 
for n > 0. 



#Gaffnian {N ,n) = q " " ^ g 2 ^ 2 

/ 



1(4+1). 



1 
f 



N-f 



(C4) 



For n — 0, there is only one state for N even, and no 
states otherwise. This case can be included in the for- 



mula, if we define 



— 1 for all integers a, even when 



a < 0. For A^ odd, the minimal number of quasiholes 



#As(iV,n,fc) 

(3iV + n)]V 



E' 



^aXia+b-Alfcb-aOfcb ^ 



k 

n 

j=i 



ai,...,afc>0 
6i,...,&fc>0 

J k 



a. 



■I k 



{2Mk -h + Ok- a)j + h 
hi 



where the prime denotes the constraints ^^^ 



N 



i + ^l- 



(C6) 



iVt 



The vectors a 



J2i=i ih = ^i and N^ + n^ 
and b are given by a = (ai, . . . ,0^,) and b = (61, . . . , 6^). 
The exponent of s gives the Sz quantum number of the 
particular contribution to the number of states. Having 
access to both the Lz and Sz quantum numbers, one 
can extract the number of (L, S) multiplets, present for 
arbitrary number of flux quanta. 
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(2,0'-\2,0'-' 



5. The root configurations 

. . . , 0' ^ , 2): 5 = fermionic states 



Like in section 



C3 



we will define 



1 for all inte- 



gers a. 

We will start with the case r = 2, which corresponds 
to the v = 1 fermionic singlet permanent state ^sFpcr = 
Per( -r^ 4, ) x ^(j^j^j^) . The number of flux quanta is given 

i j 

by N^ = N — 2 + '^. The model Hamiltonian as well as 
the counting formula were given irP^l. Here, we give the 
q-deformed version in a slightly different form 



n^ and rih are the number of up, down, and charged 
but spinless quasiholes. The total number of quasiholes 
n ~ n^ + n)^ + nfi has the same parity as N. The counting 
was worked out irPS, with the following result. 



#SCscp{N,n) =q 



E' 



s 2 q 2 -f- 4 X 



/>0 









nh 



(C8) 



Nn ^ — ^ 

#SFpcriN,n) ^q^~ 2_^ s 

bt,bi,>0 



''t^''i ''t+''4- 



&t + f-l 



&i + f-l 



q 2 X 



+ n 



(C7) 

The structure resembles the structure of the counting for- 
mula for the Haffnian. In particular, it is expected that 
the number of states without quasiholes on the sphere, 
grows linearly with the number of particles, indicating 
that this state is also irrational. 

The case r = 3 corresponds to the (unitary) spin- 
charge separated state oP^l. The number of flux quanta 
for this state is given by TV^ = ^N - 3 + "t+"^-i-+">. ^ 
where N = N^ + N^ the nu mber of particles, while n^. 



where the prime indicates the constraint N^ + n^ = Ni + 

Finally, we come to r = 4, namely the Haldane-Rez ayi 
case. The counting for this state was worked out irP3. 
The number of flux quanta is given by N^ = 2N — A+^, 
with n the number of quasiholes. The counting formula 
reads 



/t./4.>o 



f-f-fj f^+ff+ft+fj 



ft 



h 



N-h-h I , 
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